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Let U n and B n be the unit polydisc and the unit all in C n, respectively. We
2Ž n. 2 nŽ .prove that if f is in the Hardy space H U , then f is in H B and that then
norm of the inclusion is equal to one. If f depends on one variable only, then the
Ž .result reduces to an inequality of isoperimetric type due to Carleman n s 2 and
Ž .Burbea n ) 2 . Q 1998 Academic Press
w xIn 2 Carleman gave a beautiful proof of the isoperimetric inequality,
reducing it to an inequality for holomorphic functions on the unit disc.
w xBurbea 1 extended Carleman's inequality by proving the following.
THEOREM 1. Let g be in the Hardy class H 2 on the unit disc U, and let n
be an integer n G 2. Then
nn y 1 1ny2 22 n2 i t< <1 y z g z dx dy F g e dt . 1Ž . Ž . Ž .Ž .H ž /p 2pU
Ž . Ž .Equality occurs if and only if g z s cr 1 y qz for some constants c and q,
< <q - 1.
Ž .In the case n s 2 inequality 1 reduces to
21 2p 24 i tg z dx dy F g e dt , 2Ž . Ž . Ž .H Hž /4pU 0
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which is just the Carleman inequality. Let G be a simply connected
subdomain of the complex plane such that the boundary › G is a rectifiable
curve. By the Riemann mapping theorem, there exists a conformal map-
Ž . Ž XŽ ..1r2 Ž .ping w of U onto G. Taking g z s w z in 2 one obtains A F
L2r4p , where A and L are the area of G and the length of › G,
respectively. For more details and other proofs and generalizations of the
w xisoperimetric inequality we refer to 1, 3, and 4 .
Ž .In this paper we extended inequality 1 to several variables. We start
Ž . < < 2 nfrom the observation that the left side of 1 is equal to H f ds ,› B nn
where
f z , z , . . . , z s g z , g g H 2 U , 3Ž . Ž . Ž . Ž .1 2 n j
Ž . nB is the unit Euclidean ball in C and ds is the normalized surfacen n
w w x Ž .x Ž .measure on the sphere › B see 6 , 1.4.4 1 . Therefore, 1 becomesn
n
2 n 2< <f z ds F f dm . 4Ž . Ž .H Hn nž /n› B Tn
n ŽHere T is the unit circle in the complex plane, T s T = T = ??? = T n
. ntimes and dm is the Haar measure on T , i.e.,n
1
i t i t1 ndm e , . . . , e s dt , . . . , dt .Ž . nn 1 n2pŽ .
Ž w x .We follow the notation from Rudin's books 5, 6 .
Ž .Our main result states that 4 holds for an arbitrary function f belong-
2 n wing to the Hardy class H on the polydisc U not only for f of the form
Ž .x3 . Before stating the result in a more precise form we recall the basic
p Ž w x w x.facts from the theory of H spaces cf. 5 and 6 .
Let 0 - p - ‘. A function f holomorphic in the polydisc U n ; C n
pŽ n.belongs to the Hardy class H U if
p
sup f rv dm v - ‘.Ž . Ž .H n
nT0-r-1
pŽ n.It turns out that if f g H U , then there exists the finite limit
f v s lim f rv a.e. on T nŽ . Ž . Ž .
r“1
pŽ n .and the boundary function belongs to L T , m . Moreovern
p p
f v dm s sup f rv dm vŽ . Ž . Ž .H Hn n
n nT Tr-1
THE ISOPERIMETRIC INEQUALITY 145
The analogous facts hold for the Hardy class H p on the unit ball; we have
only to replace T n, U n, and dm by › B , B , and ds , respectively.n n n n
Note a simple fact: if f is holomorphic in the polydisc, then the integral
< < p Ž .H f ds is defined finite or not .› B nn
2Ž n. 2 nŽ . Ž .THEOREM 2. If f g H U , then f g H B and there holds 4 .n
Equality occurs if and only if there exist k, 1 F k F n and constants c, q
Ž < < .q - 1 such that
y1f z , . . . , z s c 1 y qz .Ž . Ž .1 n k
2Ž n. 2 nq2Ž .COROLLARY. If g g H U , then g g L B and there holds in-n
equality
nq1
2 nq2 2< < < <g dn F g dm . 5Ž .H Hn nž /nB Tn
Here dn stands for the normalized Lebesgue measure on B . Note that ifn n
Ž . Ž .n s 1, then 5 coincides with 2 .
2Ž n. nq1Proof. Let g g H U . Define the function f on U by
Ž . Ž . Ž . w xf z , . . . , z , z s g z , . . . , z . By the formula 1.4.5 1 of 6 we have1 n nq1 1 n
< < 2 nq2 < < 2 nq2f ds s g dn .H Hnq1 n
› B Bnq1 n
Now the result follows from Theorem 2.
For the proof of Theorem 2 we need two lemmas.
LEMMA 1. If p , . . . , p are nonnegati¤e integers, then1 n
n
ny1n q p y 1 !F n y 1 ! n q p q ??? qp y 1 !. 6Ž . Ž . Ž .Ž .Ž .Ł j 1 n
js1
Equality occurs if and only if there exists k, 1 F k F n such that p s 0 forj
j / k.
Ž . Ž .Proof. Let F x s log G x , where G is the Euler gamma function, and
 4let p s max p , . . . , p . Since the function F is strictly convex, i.e.,n 1 n
F
Y ) 0 we have
F x y F y F FX x x y y 7Ž . Ž . Ž . Ž . Ž .
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with equality only if x s y. Hence
F n q p y F n F FX a q p p ,Ž . Ž . Ž .1 1 1
...
F n q p y F n F FX a q p p ,Ž . Ž . Ž .ny1 ny1 ny1
F n q p y F n q p q ??? qp F FX a q p yp y ??? yp .Ž . Ž . Ž . Ž .n 1 n n 1 ny1
Hence, by summation,
F n q p q ??? qF n q p y n y 1 F n y F n q p q ??? qpŽ . Ž . Ž . Ž . Ž .1 n 1 n
F p FX n q p y FX n q p q ???Ž . Ž .Ž .1 1 n
q p FX n q p y FX n q p .Ž . Ž .Ž .ny1 ny1 n
X XŽ . XŽ .Since the derivative F is increasing, we have F n q p F F n q p forj n
1 F j F n y 1. It follows that
n
F n q p F n y 1 F n q F n q p q ??? qp 8Ž . Ž . Ž . Ž . Ž .Ý j 1 n
js1
Ž . Ž .and this is equivalent with 6 . If equality occurs in 8 , then so does in
Ž .every equality following 7 , which implies p s ??? s p s 0. This1 ny1
completes the proof of the lemma.
Let k be a positive integer. Then
Ž .LEMMA 2. The number of multindices p s p , . . . , p satisfying the1 n
n q k y 1Ž . Žcondition p q ??? qp s k is equal to . By the term multindex we1 n k
.mean an n-tuple of nonnegati¤e integers.
Proof. This follows from the relations
n1
p q ? ? ? qp1 ns tÝž /1 y t p
and
‘ ynyn j j1 y t s y1 tŽ . Ž .Ý ž /j
js0
‘ n q j y 1 js t .Ý ž /j
js0
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2Ž n.Proof of the Theorem 2. Let f g H U ,
f z s c q z q ,Ž . Ž .Ý
q
where
z q s z q1 ? z q2 ? ??? ? z qn , q s q , . . . , q .Ž .1 2 n 1 n
Then
n qf z s c a ??? c a z ,Ž . Ž . Ž .Ž . Ý Ý 1 nž /
q a q ??? qa sq1 n
where
a s a , a , . . . , aŽ .j j1 j2 jn
and
q s a q a q ??? qa .k k1 k 2 k n
Ž Ž ..nBy Fatou's lemma and Parseval's formula applied to f rj , 0 - r - 1
we have
2 n2 n< <f j ds F lim inf f rj dsŽ . Ž .H Hn n
r“1› B › Bn n
2
2q< <F c a ??? c a z ds z .Ž . Ž . Ž .Ý Ý H1 n n
› Bnq a q ??? qa sq1 n
By Lemma 2, the number of summands in the inner sum is equal to
n n q q y 1kŁ qž /kks1
and therefore, by the inequality
2N n
2< <A F N A .Ý Ýj j
js1 js1
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we get
n2 n q q y 1kc a ? ??? ? c a FŽ . Ž .Ý Ł1 n qž /kks1a q ??? qa sq1 n
2 2
= c a ? ??? ? c a .Ž . Ž .Ý 1 n
a q ??? qa sq1 n
On the other hand
n y 1 !q !? ??? ? q !Ž . 1 n2q< <z ds sH n n y 1 q q q ??? qq !Ž .› B 1 nn
Ž w x .see 6 , Proposition 1.4.9 . It follows that
2 22 n< <f ds F M c a ? ??? ? c a ,Ž . Ž .Ý ÝH n q 1 n
› Bn q a q ??? qa sq1 n
where
Ł n n q q y 1 !Ž .ks1 k
M s .q ny1n y 1 ! n y 1 q q q ??? qq !Ž . Ž .Ž . 1 n
Since M F 1, by Lemma 1, we getq
2 22 n< <f ds F M c a ? ??? ? c aŽ . Ž .Ý ÝH n q 1 n
› Bn q a q ??? qa sq1 n
2 2s c a ? ??? ? c aŽ . Ž .Ý Ý1 n
a a1 n
n
2< <s f dm .H nž /nT
The above proof shows that if there holds equality, then M s 1 orq
Ž . Ž .c a s ??? s c a s 0 whenever a q ??? qa s q. This implies, via1 n 1 n
Ž Ž ..nLemma 1 that the Taylor expansion of f z is a sum of polynomials of
sŽ .the form cz 1 F k F n , and this is possible only when f depends on onek
Ž .variable only, i.e., when is of the form 3 . Now we can appeal to Theorem
1 to finish the proof.
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